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LEMNISCATE AND EXPONENTIAL STARLIKENESS OF REGULAR
COULOMB WAVE FUNCTIONS
İBRAHİM AKTAŞ
Abstract. In this study, a normalized form of regular Coulomb wave function is con-
sidered. By using differential subordination method due to Miller and Mocanu, we
determine some conditions on the parameters such that the normalized regular Coulomb
wave function is lemniscate starlike and exponenetial starlike in the open unit disk,
respectively.
1. Introduction and Preliminaries
Let R, C and Z+ denote the sets of real numbers, complex numbers and pozitive
integers, respectively. By H[a, n], we denote the class of all analytic functions defined in
the open unit disk D = {z ∈ C : |z| < 1} of the form f(z) = a + anzn + an+1zn+1 + · · · ,
where a ∈ C and n ∈ Z+. Let A be the subclass of H[0, 1] consisting of functions f
normalized by the condition f(0) = 0 and f ′(0) = 1 and set H[1, 1] = H1. By S, we mean
the class of functions belonging to A, which are univalent in D. For the analytic functions
f and g in D, the function f is said to be subordinate to g, written f ≺ g, if there exist
a function w analytic in D, with w(0) = 0 and |w(z)| < 1, and such that f(z) = g(w(z)).
If g is univalent, then f ≺ g if and only if f(0) = g(0) and f(D) ⊂ g(D).
The class of starlike functions consists of all those functions f ∈ A such that the domain
f(D) is starlike with respect to origin. This function class is denoted by S⋆ and has the
following analytic characterization:
(1.1) S⋆ =
{
f ∈ A : Re
(
zf ′(z)
f(z)
)
> 0, z ∈ D.
}
In the literature, there is a function class
(1.2) S⋆(ϕ) =
{
f ∈ S : zf
′(z)
f(z)
≺ ϕ(z)
}
introduced by Ma and Minda in [20] and is known as Ma-Minda starlike functions. Here,
the function ϕ is analytic and univalent on D for which ϕ(z) is starlike with respect
to ϕ(0) = 1 and it is symetric about the real axis with ϕ′(0) > 0. By the particular
choosing of the function ϕ, many subclasses of starlike functions were defined in the
literature. For example, if ϕ(z) = (1 + Az)/(1 + Bz), where −1 ≤ B < A ≤ 1, the class
S⋆[A,B] = S⋆ ((1 + Az)/(1 +Bz)) is called the class of Janowski starlike functions [17].
For A = 1 − 2α and B = −1 with α ∈ [0, 1), the class S⋆(α) = S⋆[1 − 2α,−1] is known
as starlike functions of order α and was introduced by Robertson [28]. Setting α = 0, we
obtain the class of starlike function given by (1.1). Also, by taking ϕ =
√
1 + z, Sokól
and Stankiewicz [30] introduced the class S⋆(√1 + z) = SL. In terms of subordination
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principle, the function f is called lemniscate starlike if zf ′(z)/f(z) ≺ √1 + z. On the
other hand, for ϕ(z) = ez, Mendiratta et al. [23] defined the class S⋆e = S⋆(ez) of starlike
functions associated with the exponential function satisfying the condition
∣∣∣log( zf ′(z)f(z) )∣∣∣ <
1. In additon to above, the authors in [7, 18, 19] gave some important results by using
differential subordination method introduced by Miller and Mocanu [24]. Comprehensive
information about the differential subordination may be found in [24] and [25]. Now, we
would like to remind the basics of differential subordination principle.
Let Q denote the set of analytic and univalent functions q in D\E(q), where E(q) =
{ζ ∈ ∂D : limz→ζ q(z) =∞} and such that q′(z) 6= 0 for ζ ∈ ∂D \ E(q).
Definition 1. [24, p.27] Let Ω be a set in C, q ∈ Q and n ∈ Z+. The class of admissible
functions Ψn[Ω, q], consists of those functions Ψ : C
3×D→ C that satisfy the admissibility
condition:
(1.3) Ψ(r, s, t; z) /∈ Ω,
whenever
r = q(ζ), s = mζq′(ζ),Re
(
1 +
t
s
)
≥ mRe
[
1 +
ζq′′(ζ)
q′(ζ)
]
,
where z ∈ D, ζ ∈ ∂D \ E(q) and m ≥ n. We write Ψ1[Ω, q] = Ψ[Ω, q].
Theorem 1. [24, Theorem 2.3b, p.28] Let ψ ∈ Ψn[Ω, q] with q(0) = a. If p ∈ H[a, n]
satisfies
ψ(p(z), zp′(z), z2p′′(z)) ∈ Ω
then p(z) ≺ q(z).
In [24], the authors discussed the class of admissible functions Ψ[Ω, q] when the function
q maps D onto a disk or a half-plane. Very recently, taking the subordinate function
q(z) =
√
1 + z Madaan et al. [21] discussed the admissible function class Ψ[Ω,
√
1 + z]
and gave a particular case of the Theorem(1) as follow:
Lemma 1. [21] Let p ∈ H[1, n] with p(z) 6≡ 1 and n ≥ 1. Let Ω ⊂ C and Ψ : C3×D→ C
satisfies the admissibility condition Ψ(r, s, t; z) /∈ Ω whenever z ∈ D, for
r =
√
2 cos 2θeiθ, s =
me3iθ
2
√
2 cos 2θ
and Re
(
1 +
t
s
)
≥ 3m
4
where m ≥ n ≥ 1 and −π
4
< θ < π
4
. If
Ψ
(
p(z), zp′(z), z2p′′(z); z
) ∈ Ω
for z ∈ D, then p(z) ≺ √1 + z.
Here, it is worth to mention that in case of first order diffrential subordination, the
admissibility condition reduces to
Ψ
(√
2 cos 2θeiθ,
me3iθ
2
√
2 cos 2θ
; z
)
/∈ Ω
where z ∈ D, θ ∈ (−π
4
, π
4
)
and m ≥ n ≥ 1.
In addition, Naz et al. studied about the class of admissible function associated with the
exponantial function ez. In [26], taking the subordinate function q(z) = ez, the authors
gave another special case of the Theorem(1) as follow:
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Lemma 2. [26] Let Ω be a subset of C and the function Ψ : C3 × D → C satisfies the
admissibility condition Ψ(r, s, t; z) /∈ Ω whenever
r = ee
iθ
, s = meiθr and Re
(
1 +
t
s
)
≥ m(1 + cos θ)
where z ∈ D, θ ∈ [0, 2pi) and m ≥ 1. If p is analytic function in D with p(0) = 1 and
Ψ
(
p(z), zp′(z), z2p′′(z); z
) ∈ Ω
for z ∈ D, then p(z) ≺ ez.
It is important to emphisaze here that the admissibility conditionΨ(r, s, t; z) /∈ Ω is veri-
fied for all r = ee
iθ
, s = meiθee
iθ
and t with Re
(
1 + t
s
) ≥ 0, that is Re ((t+ s)) e−iθee−iθ ≥ 0
for all θ ∈ [0, 2pi) andm ≥ 1. Also, for the case Ψ : C2×D→ C, the admissibility condition
reduces to
Ψ
(
ee
iθ
, meiθee
iθ
; z
)
/∈ Ω
where z ∈ D, θ ∈ [0, 2pi) and m ≥ 1.
Since generalized hypergeometric functions has been used in the solution of famous
Bieberbach conjecture, there has been a considerable interest on geometric properties
of special functions. In the last few decades, many mathematicians started to inves-
tigate geometric properties (like univalence, starlikeness, convexity and close-to con-
vexity) of some special functions including Bessel, Struve, Lommel, Wright and thier
some generalizations. For these investigations the readers are referred to the papers
[2–6,8,11–15,19,21–23,26,27,29,32] and the references therein. Also, the authors studied
some geometric properties of regular Coulomb wave function in [9, 10], while the author
investigated the zeros of regular Coulomb wave functions and their derivatives in [16].
Motivated by the above works our main aim is to investigate the lemniscate and expo-
nential starlikeness of regular Coulomb wave function by using differential subordination
method.
This paper is organized as follow: The rest of this part is devoted definition of regular
Coulomb wave function and its some properties. In Section(2), we deal with the lemniscate
and exponential starlikeness of regular Coulomb wave functions.
The following second order differential equation:
(1.4)
d2w
dz2
+
(
1− 2η
z
− L(L+ 1)
z2
)
w = 0
is known as Coulomb differential equation, see [1]. The equation (1.4) has two linearly
independent solutions that are called regular and irregular Coulomb wave functions. The
regular Coulomb wave function FL,η(z) is defined by (see [10])
(1.5) FL,η(z) = z
L+1e−izCL(η)1F1 (L+ 1− iη, 2L+ 2; 2iz) = CL(η)
∑
n≥0
aL,nz
n+L+1,
where z ∈ C, L, η ∈ C,
CL(η) =
2Le−
piη
2 |Γ(L+ 1 + iη)|
Γ(2L+ 2)
,
aL,0 = 1, aL,1 =
η
L+ 1
, aL,n =
2ηaL,n−1 − aL,n−2
n(n+ 2L+ 1)
, n ∈ {2, 3, . . . }
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and 1F1 denotes the Kummer confluent hypergeometric function. It is known from [10]
and [31] that the regular Coulomb wave function FL,η(z) has the following Weierstrassian
canonical product representation:
(1.6) FL,η(z) = CL(η)z
L+1e
ηz
L+1
∏
n≥1
(
1− z
ρL,η,n
)
e
z
ρL,η,n ,
where ρL,η,n denotes the nth zero of the Colulomb wave function.
In this study, since the regular Coulomb wave function FL,η(z) does not belong to the
class A we consider the following normalized form:
(1.7) gL,η(z) = C
−1
L (η)z
−LFL,η(z).
2. Main Results
In this section we determine some conditions on the parameters such that the regular
Coulomb wave function is lemniscate and exponential starlike in the unit disk D. Our first
main result is the following and it is related to the lemniscate starlikeness of normalized
regular Coulomb wave function z 7→ gL,η(z).
Theorem 2. Let η, L ∈ C. If
(
√
2− 1) |2L− 1|+ 2 |η| <
√
2
4
,
then the normalized regular Coulomb wave function z 7→ gL,η(z) is lemniscate starlike in
the unit disk D.
Proof. In order to prove our assertion, we shall use Lemma(1). Now, define the function
PL,η : D→ C by
(2.1) PL,η(z) =
zg′L,η(z)
gL,η(z)
.
It is clear from the equality (1.6) that the normalized regular Coulomb wave function
gL,η(z) can be represented by the next product:
(2.2) gL,η(z) = ze
ηz
L+1
∏
n≥1
(
1− z
ρL,η,n
)
e
z
ρL,η,n .
Taking logarithmic derivation of (2.2) and by multiplying by z obtained equality we can
write that
PL,η(z) =
zg′L,η(z)
gL,η(z)
= 1 +
η
L+ 1
z +
∑
n≥1
z2
ρL,η,n(z − ρL,η,n) .
As a result, the function PL,η is analytic in D and PL,η(0) = 1. On the other hand, since
regular Coulomb wave function FL,η(z) satisfies Coulomb differential equation given by
(1.4), it is easily seen that the function gL,η(z) satisfies the following differential equation:
(2.3) z2g′′L,η(z) + 2Lzg
′
L,η(z) + (z
2 − 2ηz − 2L)gL,η(z) = 0.
Taking logarithmic derivation of the function PL,η(z) given by (2.1) yields that
(2.4)
zg′′L,η(z)
g′L,η(z)
=
zP ′L,η(z)− P 2L,η(z)− PL,η(z)
PL,η(z)
.
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Now, if we consider equations (2.1) and (2.4) in (2.3), then the function PL,η(z) satisfies
the next differential equation:
(2.5) zP ′L,η(z) + P
2
L,η(z) + (2L− 1)PL,η(z) + z2 − 2ηz − 2L = 0.
Define the function Ψ : C2 × D→ D,
(2.6) Ψ(r, s; z) = s+ r2 + (2L− 1)r + z2 − 2ηz − 2L
and set Ω = {0}. It is seen from (2.6) that
Ψ(PL,η(z), zP
′
L,η(z); z) = 0 ∈ Ω
for ∀z ∈ D. In wiev of Lemma(1), we have to show that Ψ(r, s; z) /∈ Ω for
r =
√
2 cos 2θeiθ, s =
me3iθ
2
√
2 cos 2θ
,−pi
4
< θ <
pi
4
, m ≥ n ≥ 1 and ∀z ∈ D.
By using reverse triangle inequality in (2.6), we can write
(2.7) |Ψ(r, s; z)| ≥ ∣∣s+ r2 − 1∣∣− |2L− 1| |r − 1| − |z|2 − 2 |η| |z| .
We would like to find minimum of |s+ r2 − 1| and maximum of |r − 1|. For this purpose
consider
s+ r2 − 1 = me
3iθ
2
√
2 cos 2θ
+ 2 cos 2θe2iθ − 1 = e3iθ
(
m
2
√
2 cos 2θ
+ eiθ
)
.
Therefore, we obtain ∣∣s+ r2 − 1∣∣2 = m2
8 cos 2θ
+
m cos θ√
2 cos 2θ
+ 1.
Define the function U :
(−π
4
, π
4
)→ R,
U(θ) =
m2
8 cos 2θ
+
m cos θ√
2 cos 2θ
+ 1.
Since
U ′(θ) =
m2 sin 2θ
4 cos2 2θ
+
m sin θ
2
√
2 cos 2θ
√
cos 2θ
the function U(θ) has a critical point at the point θ = 0 in
(−π
4
, π
4
)
. Also, from the second
derivative test there is a minimum in θ = 0 since
U ′′(0) =
2m2 +
√
2m
4
> 0.
Namely,
min
θ∈(−pi
4
,pi
4
)
U(θ) = U(0) =
(m+ 2
√
2)2
8
.
As a result, we obtain ∣∣s+ r2 − 1∣∣2 ≥ (m+ 2
√
2)2
8
or
(2.8)
∣∣s+ r2 − 1∣∣ ≥ 1 + 2
√
2
2
√
2
for m ≥ 1. On the other hand, we can write that
|r − 1|2 =
∣∣∣√2 cos 2θeiθ − 1∣∣∣2 = 2 cos 2θ − 2√2 cos θ√cos 2θ + 1.
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If we define the function V :
(−π
4
, π
4
)→ R,
V (θ) = 2 cos 2θ − 2
√
2 cos θ
√
cos 2θ + 1,
then we see that
V ′(θ) = sin θ
(
2
√
2√
cos 2θ
− 8 cos θ
)
.
So, the critical point of the function V (θ) is θ = 0 in (−π
4
, π
4
). Also, there is a maximum
at the point θ = 0 since V ′′(0) = −8 + 2√2 < 0. That is,
max
θ∈(−pi
4
,pi
4
)
V (θ) = V (0) = (
√
2− 1)2.
Therefore, we have that
|r − 1|2 ≤ (
√
2− 1)2
or
(2.9) |r − 1| ≤ (
√
2− 1).
Finally, if we consider the inequalities (2.8) and (2.9) in the inequality(2.7), then we get
|Ψ(r, s; z)| ≥
√
2
4
− (
√
2− 1) |2L− 1| − 2 |η| .
This shows that |Ψ(r, s; z)| > 0 under the hypothesis. So, Ψ(r, s; z) 6= 0 and by virtue of
the Lemma(1) the function z 7→ gL,η(z) is lemniscate starlike in the unit disk D. 
The following is the second main result and it is related to the exponential starlikeness
of normalized regular Coulomb wave function z 7→ gL,η(z).
Theorem 3. Let η, L ∈ C. If
(e− 1) |2L− 1|+ 2 |η| < e− 1
e2
,
then the normalized regular Coulomb wave function z 7→ gL,η(z) is exponential starlike in
the unit disk D.
Proof. In order to prove the exponential starlikeness of the normalized regular Coulomb
wave function z 7→ gL,η(z) we shall use the Lemma(2) due to Naz et al. It is known from
the Theorem(2) that the function PL,η(z) is analytic in D and PL,η(0) = 1. Now, consider
again the function Ψ(r, s; z) given by (2.6) and suppose that Ω = {0}. It is clear that
Ψ(PL,η(z), zP
′
L,η(z); z) = 0 ∈ Ω
for ∀z ∈ D. By virtue of Lemma(2), we need to show that Ψ(r, s; z) /∈ Ω whenever
r = ee
iθ
, s = meiθee
iθ
,Re ((t+ s)) e−iθee
−iθ ≥ 0, θ ∈ [0, 2pi) , z ∈ D and m ≥ 1.
Here, we want to calculate the minimum value of |s+ r2 − 1| and the maximum value of
|r − 1| under our assumption. If we consider
s+ r2 − 1 = meiθeeiθ + ee2iθ − 1
=
[
mecos θ cos(θ + sin θ) + e2 cos θ cos(2 sin θ)− 1]
+ i
[
mecos θ sin(θ + sin θ) + e2 cos θ sin(2 sin θ)
]
,
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then we have ∣∣s+ r2 − 1∣∣2 = [mecos θ cos(θ + sin θ) + e2 cos θ cos(2 sin θ)− 1]2
+
[
mecos θ sin(θ + sin θ) + e2 cos θ sin(2 sin θ)
]2
.
By using second derivative test, it can be shown that the function A : [0, 2pi)→ R,
A(θ) =
[
mecos θ cos(θ + sin θ) + e2 cos θ cos(2 sin θ)− 1]2
+
[
mecos θ sin(θ + sin θ) + e2 cos θ sin(2 sin θ)
]2
has a minimum at the point θ = pi in [0, 2pi) . That is,
min
θ∈[0,2π)
A(θ) = A(pi) =
(
1
e2
− m
e
− 1
)2
and so,
(2.10)
∣∣s + r2 − 1∣∣ ≥ 1
e
− 1
e2
− 1
for m ≥ 1. On the other hand, we have that
|r − 1|2 =
∣∣∣eeiθ − 1∣∣∣2 = e2 cos θ − 2ecos θ cos(sin θ) + 1.
Define the function B : [0, 2pi)→ R,
B(θ) = e2 cos θ − 2ecos θ cos(sin θ) + 1.
It can be easily shown that the function B(θ) attains its maximum at the point θ = 0 in
[0, 2pi) . Namely,
max
θ∈[0,2π)
B(θ) = B(0) = e2 − 2e+ 1 = (e− 1)2.
As a consequence, we get
(2.11) |r − 1| ≤ e− 1.
Taking into acount the inequalities (2.10) and (2.11) in the inequality (2.7) we can write
that
|Ψ(r, s; z)| ≥ e− 1
e2
− (e− 1) |2L− 1| − 2 |η| > 0.
This means that Ψ(ee
iθ
, meiθee
iθ
; z) /∈ Ω. In view of Lemma(2) the normalized regular
Coulomb wave function z 7→ gL,η(z) is exponential starlike in the unit disk D. 
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